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Abstract 

It has been recently discovered in the context of the six vertex or XXZ model 
in the fundamental representation that new symmetries arise when the anisotropy 
parameter (q + q~ 1 )/2 is evaluated at roots of unity q N = 1. These new sym- 
metries have been linked to an U(A^) invariance of the transfer matrix and the 
corresponding spin-chain Hamiltonian. In this paper these results are generalized 
for odd primitive roots of unity to all vertex models associated with trigonomet- 
ric solutions of the Yang-Baxter equation by invoking representation independent 
methods which only take the algebraic structure of the underlying quantum groups 
U q (g) into account. Here g is an arbitrary Kac-Moody algebra. Employing the 
notion of the boost operator it is then found that the Hamiltonian and the transfer 
matrix of the integrable model are invariant under the action of U(g). For the 
simplest case g = A± the discussion is also extended to even primitive roots of 
unity. 
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1 Introduction 



The six-vertex U or XXZ model |J with periodic boundary conditions as defined by 
the following spin-chain Hamiltonian 

7Cxz /2 = £ fau + + - 1) } , l + 1 = i (i) 

has been subject to extensive studies for a long time. Here crj, cxj, tx| are the Pauli matri- 
ces acting on the j th lattice site. Surprisingly the model and its underlying symmetries 
are still not fully understood. Baxter already noted in 1973 that the model besides 
its integrable structure for generic anisotropy parameter (q + q~ l )/2 shows additional 
symmetries when q becomes an A th primitive root of unity (i.e. N is the smallest integer 
such that q N = 1). Despite numerous articles addressing the energy spectrum and the 
problem of completeness of the eigenstates for generic q, the symmetry governing the 
root of unity case has just recently been discovered in J|, The key results obtained 
by algebraic and numerical methods in the latter articles are the following, 

1. As q approaches a root of unity the transfer matrix of the six- vertex model as well 
as the associated Hamiltonian exhibit an U(A^) invariance at level zero. (It is 
for this reason that we have mentioned loop symmetry instead of affine symmetry 
in the title.) For total spin values being a multiple of] 

, (N/2, A even 

\ N, N odd 1 > 

the generators of this symmetry algebra can be constructed from the quantum 
group U q (Ai) associated with the R- matrix of the six- vertex model as q N — > 1. 
In addition, the symmetry algebra preserves the momentum, i.e. the U(A[ ) 
generators commute with the shift operator. 

2. In the framework of the Bethe Ansatz |6j the degeneracies manifest themselves in 
additional string solutions possessing zero energy, which are called exact complete 
A'-strings and were first found by Baxter || (see also the review of Takahashi 
[0). However, the link between these string solutions and the above symmetry 
algebra had not been recognized. Moreover, the exact complete iV'-strings lead 
to a simultaneous vanishing of the numerator and the denominator inside Bethe's 
equation, the latter therefore fails to determine the complete set of eigenstates. It 
has been demonstrated in || how additional equations can be derived from Bethe's 
equation in the limit q N — > 1 which then allow the determination of the real parts 
of the exact complete iV'-strings. 



*Note that in the articles jl[ H a different convention to parametrize the roots of unity had been 
chosen. The power TV in the latter articles correponds to the power N' in this work. 
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All of the above observations have been made in the context of the fundamental repre- 
sentation, i.e. for spin s = 1/2, and some of the proofs in Q take explicitly advantage 
of features only present in this particular case. However, one might expect that the 
degeneracies are of a more general nature. For example the spin s — 1 XXZ model 
first introduced by Fateev and Zamolodchikov || is closely related at roots of unity 
q = exp(iir/3) to the 3-state super-integrable chiral Potts model for which similar de- 
generacies have been observed numerically in |§. The Hamiltonian in this case looks 
considerably more complicated than the one in the fundamental representation M, 



H 



XXZ 



{SA +1 - (SA+i) 2 " 2(1 - A 2 ) \S*S; +l - (S*S] +1 ) 2 + 2(S|) 2 ] 



3=1 



+2(1 + A) (.SJ.S'j . , + S*Sjf +1 ) SjS; +1 + S*S* +1 (S*S* +1 + S]S] +1 )] } (3) 



Here Sj 



1 at site j. 
TTJ. The corresponding 



(Sj, Sj, Sj) is the spin operator in the vector representation s 
The XXZ model for arbitrary spin has been investigated in [[TO, 
Hamiltonians for spin s > 1 have not been written down in terms of spin operators but 
can be defined through the transfer matrix of the associated statistical model. Also here 
the problem of the degeneracies and the underlying symmetry at roots of unity has not 
been addressed. Besides the extension to arbitrary spin one can also consider the case 
of higher rank. For the fundamental representation V\ 1 = C n+1 the R-matrix associated 
with the An = sl n +\ vertex models has been found in 
spin-chain Hamiltonian in 



12] and the corresponding 



13 



1 k+l 



Ef +1 + Ef 



3=1 



q + q- 



k<l 



kk 

'3 



Ef +1 + iEf ® iEf +1 - iEf ® iEf +1 ] 



E- 



kk 



E kk 



(4) 



where E kl , 1 < k, I < n + 1 denote the (n + 1) x (n + 1) unit matrices, whose entries are 
all zero except for the entry in the k th row and Z th column which is equal to one. For 
n = 1 one recovers the XXZ Hamiltonian (|J). Many R-matrices belonging to algebras 
different from g = A n have been investigated in e.g. [[14 . 



In this article we demonstrate that the above observations are indeed of a very general 
nature and not only can be extended for the XXZ model to arbitrary spin but also to 
the much wider class of integrable vertex models associated with the quantum groups 
U q (g), where g is an arbitrary Kac- Moody algebra The relation between integrable 



models and the quantum groups U q (g) was first established by Drinfel'd |L6| and Jimbo 
T7| who studied trigonometric solutions of the Yang-Baxter equation 



IE 



R 12 (u)R 13 (u + v)R 23 (v) = R 23 (v)R 13 (u + v)R 12 (u) 



(5) 



The Yang-Baxter equation is an operator identity over V\®V 2 ®V 3 with R a b(u) acting on 
V a ®Vb and V a = V being some representation space of U q (g). An integrable V x L vertex 
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model is now implicitly denned when interpreting the matrix elements of the solution 
R(u) as Boltzmann weights and taking the partition function and transfer matrix to be 

Z = Tr v ® L T L '(u), T(u) := Try Rq L (u)R 0L „i(u) ■ ■ ■ R m {u) . (6) 

The transfer matrix acts on the tensor product space V® L = V\®V2---®Vl and the trace 
is taken over the boundary values encoded in the auxiliary space Vq. As is well known 
(PD ensures that the transfer matrix when evaluated at different spectral parameters u 



commutes with itself rendering the model (|6|) integrable [19], |20fl . The corresponding 
'spin'-chain Hamiltonian is now generically given by 



ou 



+ const. (7) 

=o 



Up to possible scaling factors depending on different conventions and an additive con- 
stant depending on the normalization of the R-matrix this definition specializes for 
g = A [ n ] to the stated examples (P, (0) and fl|). 

It is important to note that in the correspondence between quantum groups and inte- 
grable vertex models the quantum group U q (g) does not define a symmetry of the model 
and that its generators do not commute with either the Hamiltonian or the transfer 
matrix. This lack of symmetry comes ultimately from the fact that by construction the 
transfer matrix (|6]) and Hamiltonian (|7]) we are considering are translational invariant 
in the appropriate space V® L whereas for generic q the quantum group U q (g) does not 
act in a translational invariant fashion on this space. The situation changes consider- 
ably when the deformation parameter q approaches a primitive root of unity, q — 1 
with N > 3 being odd. Then symmetry generators can be extracted from U q (g) in the 
limiting process q N — > 1 which are translation invariant and which generate the algebra 
U(g) at level zero. 

The paper is organized as follows. In Section 2 we construct the symmetry algebra U(g) 
for odd roots of unity and highest weight representations A obeying A(/tj) = OmodiV 
with A(/ij) being the eigenvalues of the Cartan subalgebra generators h{. In Section 3 
we prove the translational invariance of the symmetry generators when they act on the 
space V® L . In Section 4 we demonstrate for any algebra g in a completely generic and 
representation independent way that the transfer matrix and Hamiltonian associated 
with Ug(g) commute with the generators of U(g) when q is a root of unity. This proof 
makes use of the boost operator (e.g. plR ) and the quantum group theoretical structure 



underlying the Yang-Baxter equation as developed by Drinfel'd ]I6[ and Jimbo |TJ 
Some results of their construction which are relevant to our discussion are reviewed 
in the appendix. For the simplest case g = A± , i.e. the XXZ model, we discuss for 
arbitrary spin how the results can also be extended to even roots of unity. Finally we 
conclude in Section 5 with a discussion of our results. By making contact with the 
representation theory of the symmetry algebra we argue that for all untwisted algebras 
the degeneracies of the energy eigenstates should be given by powers of the dimension 
of the fundamental representation (dim A)' where I is some integer depending on the 
multiplet of the energy eigenstate. 
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2 Constructing U(g) from U q (g) at roots of unity 

We begin by reviewing the basic definition of U q (g) for arbitrary Kac-Moody algebras 
g in order to introduce our notation (further details can be found in the original ref- 
erences [|i~6| , |i~7j1 and in numerous monographs e.g. |24, 25|). The quantum universal 
enveloping algebra U q (g) is the algebra of power series in the Chevalley-Serre generators 
{ej, fi, hiY^Q^~ l U {1} subject to the following commutation relations: 

(Ql) Let A denote the Cartan matrix associated with the Kac-Moody algebra g. Then 

[h^ hj] = , [hi, Cj] = , and [hi, ej] = -A ii j i ■ 

(Q2) Considering only highest weight representations in which the h^s act as multipli- 
cation operators, we introduce the exponentiated generators q i i with % = q a ^ 2 
and «j denoting a simple root of g. Then one requires 

\ e . f.] = S.. qi ~ Qi 

Ti ~ % 

For simplicity we choose throughout this paper the normalization convention a 2 = 
2 for short roots. That is, for long roots qi might equal the powers q, q 2 , q 3 in the 
deformation parameter. 

(Q3) In addition, the generators ought to satisfy the quantum Chevalley-Serre relations 

1 An 



£(-ir 

n=0 
1— Aij 

£(-D 

n=0 



\-A l3 
n 

I- A 



l—Aji—n 



i.l 



n 



e i e j e i 



Ji Jj Ji 



0, i^j 
0, i±j 



Here g-integers have been introduced, 

n 

, [n} q \:=H[k] 



\m 



[n} \ [m-n] g \ 



<-! ! 



n 



k=l 



q n — q n 
q := q 1 - q- 1 



We will now focus on the case where the deformation parameter q takes the value of 
a primitive root of unity, q N — 1. It is known that in this case the elements ef and 
are central elements. We are here interested in representations in which these central 



elements may be set equal to zero and for these representations it has been shown |22 
that the generators 



[N'[ 



n 



(JV') 



Qi ■ 



and hi/N' 



(9) 
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stay well defined in the limit q N — *■ 1. As it was first observed in J|] for g = in 
the fundamental representation the above set (complemented by unity) generates the 
non-deformed enveloping algebra U(g) provided one restricts oneself to highest weight 
representations |A) satisfying^ 

X(hi) =0modiV. (10) 

We impose this condition since we will ultimately make use of = 1 in the calculations 
(see for example equation (^) in the next section). Note also that this condition will 
ultimately have to hold for tensor products of highest weight representations, since we 
are going to consider the action of U(g) on V® L , see the next section. The proof follows 
along the lines of Q and we recall here the key steps in order to keep this article 
self-contained. First we investigate the commutation relations between the generators 
e\ N , f[ N ^ starting from the following relation valid for all q ||23|| , 



min(m,n) I h.m-n-r+1 -h.-m+n+r-l 

[et\fh- E if-'M^n— • (11) 

1=1 r=l ^ 

Choosing a highest weight such that fllPf ) is satisfied one obtains in the limit q N — > 1, 

Furthermore, one proves easily from (Ql) by induction that 

[K ef >] = N' A ije p and [h h /f >] = —N' A i3 f^ . (13) 

It remains to verify the Chevalley-Serre relations for U(g). For this purpose we employ 
Lustzig's higher order Chevalley-Serre relations |22j which are valid for generic q. Let 
m > —Aij-n, n > 1 then the generators ef^ := e™/[n] g J satisfy 

e M e (») = J- CW%)ef^ n M m - fe) , (14) 

k=0 

where the coefficient function is given by 



m+Aijn—l 

E 

z=o 



C (g) = ^_-^y+l+lq-s(l+l-A i: in-m)+l 



(15) 



Choosing m — 1 — Aij,n = 1 one recovers the usual quantum Chevalley-Serre relations 
(Q3). Suppose now that the indeterminate q approaches a root of unity q N — ► 1. Setting 
m = iV'(l — Ay) and n = N' one verifies for the coefficient function, 

I , else 



tFor the case g = considered in Q this corresponds to condition S 2 = mod TV' with hi = 
-ho = 2S Z and N even. 
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We now rewrite the higher order Chevalley-Serre equations in terms of powers of the 
operators e[ N ' by employing the identity 

AT/2 S(S-1) 

„ ,, = j^P <»> Wlth |im JiVM = ^_ . (17) 

Plugging the results (|T6|) and (p77f ) into equation ( |14D one derives the desired Chevalley- 
Serre relations of the non-deformed enveloping algebra U(g) up to certain sign factors, 



i j 



n=0 



i I n j e< e j e, . (18) 



An analogous equation holds for the generators //^ \ In order to make contact to the 
Chevalley-Serre relations of U(g) one has to discuss carefully the cancellation of the 
minus signs in the r.h.s. of the above equation. We distinguish the following three 
cases. 

N odd. For odd roots of unity one recovers the correct sign (— l)( 1 ~ A ^~ n ) +1 needed for 
the Chevalley-Serre relations in the r.h.s. of (0). For this case we can therefore 
conclude that the algebra spanned by the elements @ can be identified with the 
non-deformed enveloping algebra U(g) for all Kac-Moody algebras. 

N' even. For even roots of unity one has q N ' = — 1. Provided that N' even and 
qf = — 1 for all i one obtains the correct sign factor also in this case. The latter 
condition requires g to be either simply-laced, i.e. g = An , Z?n , ^7,8' ^2n-> or ^° 
be one of the non simply-laced algebras g = , . 

N' odd. In the remaining case of even roots of unity with N' odd one obtains the 
sign factor (— l)( n + 1 )( 1_ ^i- ri )+ 1 . In general this will not reproduce the correct 
Chevalley-Serre relations. For the simplest case g = A± , however, the signs work 
out correctly which can be explicitly checked by using Ay = —2 for i ^ j, compare 
also Q. But now one has to pay attention to the sign in fll2|) . 



3 Translation invariance 



We now establish that the action of the constructed symmetry algebra U(g) is translation 
invariant. That is, given some representation space V of U q (g) we consider its L-fold 
tensor product V® L and then show in the limit q N — > 1 that the action of the symmetry 
algebra on this space commutes with the shift-operator defined as 

H:V l ®V 2 ---®V L ^V 2 ®---V L ®V l . (19) 
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As a preliminary step we first recall the action of U q (g) on V® L . The latter is determined 
by the fact that the quantum groups defined through (Q1)-(Q3) are endowed with the 



structure of an Hopf algebra |L6[ [17]]. This requires in general the notion of a co-unit 
e, an anti-pode 7 and a coproduct A. We will only need the concept of the latter 
which establishes an algebra homomorphism U q (g) — > U q (g) <8>U q (g). There are different 
conventions in the literature how to define the coproduct and we choose the one most 
convenient for our purposes, 

A(hi) = hi <g) 1 + 1 <g) hi 

A(e;) = e t ® q~* + qf ® e { and A(^) = ft ® g~" + qf ® £ 

A(l) = 1®1 (20) 

Following [17] we can now use the coproduct A iteratively to generate higher tensor 
products by setting 

A^ = (A <g> 1 L _ 2 ) A^- 1 ) with A< 2 > = A . (21) 

In fact, this defines an algebra homomorphism : U q (g) — > U q (g)® L and the genera- 
tors acting on K® L then explicitly read, 



L 



h; hi hi h^ 

2" . . . ^> 2" 



A (i) (e») = E i = V^(n) , £? f (n) := q { 2 ® ■ • • ^ 2 ® e< ® g 
A^) = F< = E Fi(n) , Fi(n) := qf ® • • • g/ ® / ( ® g 



2 ... /O* ^^"2" 



n=l 
L 



A (i) (^ ! ) = # = n^ W ' flf 4(n) :=1®---1<8>^®1---<8>1. (22) 



n=l 



For completeness we state also the explicit form of the symmetry generators @ for the 
L-fold tensor product. Starting from the following relation which is easily proved by 
induction, 

n h h n h h 

A ( e i) = E ca« e "^ kH ® erv*^ = E EL e r fe ^ ® e*g- (n - fc) ^ (23) 

fc=0 fc=0 

one verifies that the symmetry generators acting on the tensor product space V® L are 
given by the expression 

^ = AV)= E de^-^-^gf-^^- 1 ^. (24) 

0=ra <rti...<n i =Af 1=1 

This formula is immediate to derive by exploiting the fact that the coproduct is an 
algebra homomorphism U q (g) — > U q (g) <S> U q (g) and then applying equation (|23| ) to the 
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first factor in the tensor product. Note that according to the definition of E± we 
have divided out the factor [iV]j! present in the g-binomial coefficient in (0). A similar 
formula holds for iy . 

We are now prepared to generalize the proof of invariance found in [|| for the XXZ model 
in the fundamental representation. In order to show translation invariance of the sym- 
metry algebra it is obviously sufficient to show that the generators e\ N , F^ N \ Hi/N' 
commute with the shift operator. From (p2|) we see immediately that [II, Hi] = for 
all q. We now state the proof for e\ n , the one for F^ N ^ is completely analogous. For 
generic q one finds the following relations (compare [|J) 

n^n- 1 = E iq ? i{L) + Ei{L){q- H > - l)gf {i) , (25) 

where use has been made of the straightforward identities 

UEi(n)U- 1 = Ei(n - l)qf l{L) n>l 
Qi n = q. A . 

We claim that the transformation property for the m th power of the generator reads 

m n—l 

n e» n- 1 = £ E?- n E t (Lr gr (m_1) H q fl? Ht{L) n far 28 -* - 1) • w 

n=0 1=0 

Here it is understood that the product yields one if n = 0. For the proof we proceed 
once more by induction. Assume that the above relation holds for m we calculate 

UE m+i u -i = g E™~ n Ei{L) n Ei q^ m ~ 1 ^ [™] q ^ H ^ f[ ( g -«-^ _ x ) 

n=0 n 91 Z=l 

+ e r^w^^lil, - 1) q <t +l)mL) ft far 28 -* - 1) 

n=0 Z=l 

Employing the commutation relations 

Ei{L) n Ei = q} n EiEi(L) n + £ 4 (L) n+1 (l - gf 1 ) 
and the elementary relation 

[m + n] = [m]q~ n + [n]q m 



for g-deformed integers one derives the desired result (]26|). Now taking the limit q N — > 1 
one finds by setting m = N' from fl26|) that 



n^n-^Ef'^f'^, (27) 

since the product always contains a vanishing factor due to the condition fllQ|) . We 
discuss the effect of the factor for the cases of odd and even roots of unity 

separately. 
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N odd. For odd roots of unity, N = N', the factor is always equal to one. Thus, we 
conclude that the constructed symmetry algebra U(g) generated by the elements 
{E\ N \ f!> N \ Hi/N} U {1} commutes with the shift operator. Recall that for this 
case the symmetry algebra has been constructed in complete generality, i.e. for 
all Kac-Moody algebras. 

N even. For even roots of unity Hl<yL ^ produces in general alternating signs. This 
can be seen e.g. from the commutation relation (compare (Ql) in Section 2) 

E^LMY^ = {qfr^iqfY^E^L) . (28) 

However, for the special case of the XXZ model g = A*p one has \Aij\ = 2 for all 
i,j from which we infer that the generators e\ N , ■* of the symmetry algebra 
U(A^) either commute or anticommute with the shift operator depending on 
V L = C n+1 being either of even or odd highest weight n 6 N, respectively. Here 
n = 2s and s is the spin. This is accordance with the results obtained in jp , where 
the fundamental representation n = 1 has been considered. 



4 U(g) symmetry at roots of unity 

We are now prepared to establish the U(g) invariance of the statistical model associated 
with the affine quantum group U q (g) as defined in (||). The crucial ingredient for this 
derivation is the R- matrix which provides a solution of the Yang-Baxter equation @. 
How every quantum group U q (g) gives rise to such a solution is reviewed in the appendix 
in order to keep this article self-contained. The proof of invariance then hinges on two 
observations, namely that the generators of the symmetry algebra commute with the 
shift operator and the quantum group invariance of the permuted R-matrix (see equation 
(f49|) in the appendix.) This allows us to state the symmetry property for the large class 
of solutions (e.g. [|1^, |14|]) of the Yang-Baxter equation (|5|) in a completely general 
fashion. 



4.1 The integrable model 

Suppose now we are given a trigonometric solution R(u) of (|j) associated with U q (g) 
and which acts on the tensor product V <8> V of some representation space V. We choose 
to normalize the .R-matrix such that 

lim R(u) = Ti , (29) 

u— >0 

where it is the permutation operator. For affine quantum groups we consider this reg- 
ularity property always holds. The normalization (|29| ) fixes the constant in (0) to be 
zero. As is well known [|19|, |2(| it follows directly from the Yang-Baxter equation that 



[T(u),T(v)]=0 (30) 
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which implies the integrability of the model. The corresponding infinite set of charges 
is defined by the following power series expansion of the transfer matrix at vanishing 
rapidity u — 0, 



lnT(u) = V^-T (n) with T (n) 



n=0 



d n 
du n 



lnT(w) 



(31) 



u=0 



From equation (^) we now immediately infer [T(u),T^\ = [T^ n \T^] = for 
all choices of n,m G N which manifests the integrability of the model. The zeroth 
and first order term in the above expansion ( |3~ID are of special significance. From the 
normalization condition (|29|) of the i?-matrix one derives for the zeroth term 



T {0) =lnT(0) =lnIT 



-i 



-iP 



(32) 



where II is the 'shift '-operator introduced in (|T9| ) and which generates translations in 
the horizontal direction of the lattice. This motivates the identification of as the 
momentum operator. The first order term is identical with the (formal) spin-chain 
HamiltonianQ as defined in the introduction (|7|), 



H 



% ^-lnT(w) 

ou 



d 



u=0 



with L 



1 . 



(33) 



u=0 



Ttjj + iRjj + i(u) which acts on the tensor 



Here we have defined the operator lZjj + i(u) 
product Vj ® Vj + x in the chain V® L = V X ®---®V L . Formula (|33|) can be derived directly 
from the following operator identity over Vq ® V\ ® • • • ® Vl 



R 0L (u) ■ ■ -RoAu) = 7r ill 1 1Z L -il(u) ■ ■ ■ TZ 12 (u) K m (u) 



(34) 



The main reason for changing from the original i?-matrix to TZ(u) = ttR(u) comes 
from the observation that the latter is invariant under the quantum group action (see 



equation (^9j) in the appendix). We will now use this fact together with the notion of the 
boost operator to demonstrate that all conserved charges of the model and especially 
the transfer matrix are left invariant under the action of U(g). 



4.2 The boost operator 

The boost operator of the integrable model is implicitly defined by the relation 

~T(u) = [K,T{u)]. (35) 



+ Notice that this definition of the Hamiltonian is formal in the sense that it is not necessarily always 
hermitian. For example, as was pointed out for the XXZ model JTT| hermiticity might restrict for fixed 
spin the allowed values of the coupling constant 7 incorporated in the deformation parameter q = e 11 . 
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Its explicit expression in terms of R-matrices has been found in e.g. 



L 

K = Y, ^2U + nL)d u K jj+1 (u)\ u=0 (36) 

ngN j=l 

and can be derived by differentiating the Yang-Baxter equation (||) and exploiting trans- 
lation invariance of the transfer matrix. The name 'boost' operator stems from the 
observation that P, 7i, K form a closed algebra which might be interpreted as a lattice 
version of the Poincare algebra (see e.g. the article by Thacker [pip. From the defining 
property (j35f ) one infers that under the adjoint action of the boost operator the transfer 
matrix is shifted in the spectral parameter, 

T(u + v)= e~ vK T{u)e vK . (37) 

Therefore, it is sufficient to show that the generators of the constructed algebra U(g) 
commute with the shift operator II = e lP and the boost operator K in order to ensure 
that they also commute with the transfer matrix and the Hamiltonian (as well as all 
higher charges). Since we have already proven in Section 3 that for roots of unity with 
iV odd the symmetry algebra is translation invariant, i.e. [X, II] = for all X e U(g), 
we need only to show the invariance of the boost operator. 



4.3 Invariance of the boost operator 

According to equation (fj9|) in the appendix one easily verifies that the operators 7Ljj+i(u) 
commute with the generators (|22|) of the quantum group U q (g)® L in the evaluation 
representation at generic q for j < L, 

[Ai L \x),n jJ+1 (u)] = 0, xeU q (g),J<L (38) 

Recall that when taking the root of unity limit a universal R-matrix may not always 
exist, since then the elements Ef, , qf Hi are central and the quasitriangular structure 
imposes constraints on their spectral values, see e.g. the article by E. Date et al. [14 . 
However, we are only interested in representations where E^, F^ = 0. Then these 
restrictions do not exist and a universal R-matrix can be defined. Therefore, property 
(|38|) remains true when the limit q N — > 1 is taken and, consequently, all we need to show 
is that TZl\{u) commutes with X E U(g). But since we have established translation 
invariance of the symmetry algebra in the root of unity limit, one immediately verifies 
that 

[x,n L1 (u)\ = n- 1 [x,ini L1 (u)n- 1 ]n 

= n- 1 [x,^ i _ li ( M )]n = o, xeu(g) (39) 

From (|36| ) and the fact that 72.(0) = 1 we conclude that the boost operator commutes 
with all elements of the algebra U(g) in the evaluation representation with e u — > 1. 
Notice that by the same arguments it also follows directly that the Hamiltonian (^) is 
invariant. We thus conclude that the integrable model (|6|) associated with the quantum 
group Ug(g) exhibits an U(g) invariance as q N — >• 1 with iV being odd. 
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4.4 Even roots of unity and g = A 



In Section 2 we have seen that the construction of the algebra U (g) for the XXZ model 
g = also holds for even roots of unity. As has beome apparent in Section 3 the 
difference to case of odd roots occurs when the behaviour of the symmetry algebra under 
translation is investigated. Depending on the choice of the spin s = n/2 the constructed 
algebra generators e\ N \ F- N , i = 0, 1 commute or anticommute with the shift operator 
if we choose the representation spaces V n in the L-fold tensor product to be of highest 
weight n even or odd. It is evident from equation ([37]) and (|39| ) that in the latter case 
the symmetry algebra still commutes with the boost operator, but that the generators 
e\ n \ f!> N ' now anticommute with the transfer matrix. We therefore conclude that 

XT(u) = (-l) 2s T(u)X , X = E\ N '\ F t iN ' ] (40) 

which generalizes the results obtained in || to arbitrary spin s G |N. In contrast, the 
Hamiltonian (|33|) obviously commutes with all elements of the symmetry algebra for 
even and odd roots independent of the chosen spin value. 

5 Conclusions 

In this article we have shown that the loop symmetry of the Hamiltonian and the 
transfer matrix first observed in the context of the XXZ and the six vertex model for 
spin s = 1/2 at roots of unity [[| is of a general nature. For odd roots of unity we 
demonstrated that it is present for generic integrable vertex models associated with 
trigonometric solutions of the Yang-Baxter equation with underlying quantum group 
U q (g), g being any Kac- Moody algebra. The invariance has been shown to be a direct 
consequence of both the quasi-triangular structure of the quantum group U q (g) and the 
translation invariance of the symmetry algebra U(g). While for generic algebras we had 
to restrict ourselves for the construction to roots of unity q N = 1 with N odd the loop 
symmetry could be extended also to N even for the XXZ model thereby generalizing the 
results obtained for the fundamental representation M to arbitrary spin. The restriction 
on the highest weight representations fllOD might only be of technical nature since the 
numerical investigations performed in the context of the XXZ model j|, [S| point out 
that the loop symmetry is present in general. We expect, however, the construction of 
the symmetry algebra in the other cases to be more involved. 

We therefore conclude that the spectrum of the Hamiltonian ([?]) organizes in mul- 
tiplets of finite dimensional representations of U(g). That is, given an eigenstate of 
the Hamiltonian or transfer matrix it belongs to some highest weight representation 
A = (Ai,...,A r ) with r = rank g being the rank and Aj = A(-ffj) the eigenvalues of 
the Cartan generators Hi acting on V® L . (We assume that A satisfies the condition 
AjHiod iV = 0.) The irreducible finite dimensional representations of untwisted algebras 
have been shown to be isomorphic to tensor products of evaluation representations 

V Ar {ax)®V h2 {a 2 )---®V Kl {ai) , (41) 
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whose evaluation parameters a&, k = 1, I are determined by the roots of rank g Drin- 



fel'd Polynomials (see [p6| , pp 11). Here g is the finite dimensional algebra whose 
affinization is g and I is some integer depending on the multiplet A of the energy eigen- 
state. Let n^u be the multiplicity of the root a k in the i th Polynomial then the weights 
appearing in the above product are given by A k = Yl^i 9 n i,k u i with uoi denoting the 
fundamental weights of g. Thus, the dimension of the representation, i.e. the degeneracy 
of the energy eigenstate is given by 

TTdimAfe with dimA = TT < A + g ' a > , ( 42 ) 

k=l a>0 Nt ^' ' 

Here the dimension is calculated from the Weyl formula with the product running over 
the positive roots of g and q denotes the Weyl vector. The numerical work in the context 
of the XXZ model @, [| indicates that in the above tensor product only the fundamental 
representation appears, explaining the degeneracy factors 2 l . 

Analogous to the work for the spin s = 1/2 XXZ model one can now investigate 
the relation of the generally established symmetry to the Bethe Ansatz. As mentioned 
already in the introduction it was found 0, |5j that the degeneracies are related to 
ambiguities inside Bethe's equation which fails to determine the complete set of string 
solutions at roots of unity. The missing solutions were shown to be complete exact 
Af-strings 

v { k N) = a + ik2 1 , l<KiV,g = e i7 ^ = ^6Q 

7T N 

which have momentum P = 0, tt and zero energy and give thus rise to degeneracies 
in the energy spectrum. These observations can also be generalized. For example we 



observe that Bethe's equation for the higher spin XXZ model [10 



/ sinh | (vj + i2s^) \ L sL ~J5 ' sinh ~ (vj - v k + ^27) 
V sinh \ (vj -i2s^)J ^1 sinh I _ Vk _ i2l ) 

incorporates the spin dependence only on the l.h.s. while the ambiguous factors 0/0 
due to the complete exact A^-strings occur on the r.h.s. of the above equation. Hence, 
the statements made in the context of the spin s — 1/2 case can be generalized in a 
straightforward way. In particular, the derivation of the equations determining the real 
parts a of the complete exact A^-strings in the limit q N — > 1 follows exactly along the 
lines of ||. In view of these considerations one might now anticipate that the regular 
solutions to the Bethe's equation give the highest weight states w.r.t. to the symmetry 
algebra and that the action of the latter corresponds to adding complete exact A^-strings 
to this solution. However, to understand this relation fully in terms of representation 
theory of the symmetry algebra and how to extract from the Bethe Ansatz the evaluation 
parameters a k are both open problems at the moment. They require a deeper and more 
profound understanding of the quantum group theoretical structure of the Bethe Ansatz. 
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A The Yang-Baxter equation 

In order to keep this paper self-contained we briefly review the connection between 
quantum groups and trigonometric solutions to the Yang-Baxter equation [ffB], O. 

First one introduces for arbitrary spectral parameter u the following automorphism 
D u on U q (g) which equals the identity on all generators except for 

D u (e ) = e u e and D u (f ) = e~ u f . (43) 

Loosely, speaking it can be thought of as conjugating by (e u ) d , where d is the homoge- 
neous degree operator of the affine Lie algebra g. Analogously, one might also consider 
the principal grading g = h v d + g where h v is the dual Coxeter number and g the 
Weyl vector, see e.g. p7| . Suppose we are given a finite-dimensional representation 
Pv '■ U q (g) — > End(V), such that p v viewed as representation of U g (g) has finite length 



and all irreducible subrepresentations are highest weight [25|. Here g denotes the finite 
dimensional simple Lie algebra whose affinization is g. Then an evaluation representa- 
tion V(u) is defined through the following composition of maps, 

Pv(u) = P V °D U . (44) 

Originally the finite-dimensional representations p v have been explicitly constructed 
via evaluation homomorphisms p : U q (g) — > U q (g) by Jimbo |l7]] for the series g — A n ^ . 
Since they have been implicitly used for the construction in ||, we review them at the 
end of this section. However, these evaluation homomorphisms do not exist in general 



24] , |25| whence the above definition of evaluation representations is the more generic 
one. 

Secondly we must specify how solutions of the Yang-Baxter equation come about in 
the setting of evaluation representations. The R-matrix naturally arises in the context 
of the coproduct structure ( P0|) which is part of the definition of U q (g) as Hopf alge- 
bra |T6| , |i~7| . As already mentioned in the main text the latter is needed to build up 
tensor products of representations giving the state space V® L of the statistical model. 
As we infer from the definition of the coproduct ( p0|) these tensor products carry an 
'orientation' since the quantum group U q (g) viewed as an Hopf algebra is in general 
non- co commutative. In formulas, this means that the action of the 'opposite' coprod- 
uct 

A op = 7i o A, (45) 
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where ir denotes the permutation operator, does not coincide with the action of A. Thus, 
the products V ®W and W ® V of two representations V, W are distinct. However, as 
is well known the quantum groups belong to the class of quasi-triangular Hopf algebras 
where the two different coproduct structures can be related by conjugation via some 
invertible element, the 'universal i?-matrix' R 6 U q (g) £g> U q (g) (see e.g. |?3J for further 
details), 

A op (x) = RA(x) R- 1 

This universal i?-matrix as well as the coproduct acquire a spectral parameter depen- 
dence when we specialize to evaluation representations V(u), W(v). We emphasize that 
both V and W are considered to be finite dimensional, whence we work in a level zero 
representation of U q (g). The spectral parameter dependent R- matrix and coproduct are 
then defined via 

R v,w( u ~ v ) '■= (Pv{u) ® Pw{v))R and A v{u)>w{v) = {p v(u) ® p w(v) )A (46) 
The intertwining property for the coproduct A and its counterpart A op then reads 

R v ,w( u ~ v ) A v{u),w{v) ( x ) = A v(u),w(v) ( x ) R v,w( u - v ) , xeU q (g). (47) 

As indicated the R-matrix depends only on the difference u — v (see e.g. [0), whence 
we might set v = in the above relations. In addition, we choose in what follows 
V = W and drop the dependence on the representation V in order to unburden the 
notation. Besides the intertwining property ( f4"TD the i?-matrix is subject to several other 
requirements. For example, in order that the quasi-triangular structure is compatible 
with coassociativity, (A ® 1) A = (1 eg) A) A, the i?-matrix is subject to the following 



equations sometimes referred to as 'fusion laws' (see e.g. ]24|. |25|). 

(A u ® l)(R(v)) = R 13 (u + v)R 23 (v) 

(l®A u )(R(v)) = R 13 (v-u)R 12 (v) , (48) 

The Yang-Baxter equation (fjD is now an immediate consequence of the first identity and 
the intertwining property. This establishes the link between affine quantum groups and 
integrable models as found by Drinfel'd and Jimbo. 

We conclude by recalling that from the defining relations ( |4"5| ) , (p]) , and the property 



it is straightforward to check that for V = W the composition TZ(u) := ttR(u) is 
quantum group invariant | |TT[ 

[K(u),A v (x)] = 0, xeU q {g). (49) 

Here 7r is the permutation operator introduced earlier. It is this invariance property 
of the intertwiner JZ(u) under U q (g) which we exploit to prove the invariance of the 
transfer matrix and its associated higher charges under the algebra U(g) at roots of 
unity. We also note that if (U q (g) , A u , R(u)) forms a quasitriangular Hopf algebra, 
so do the combinations (U q (g), A° p , ^(m)" 1 ) and (U q (g), A° p , R op (u)) where R op (u) = 
7TR(u)n, see e.g. [24]. Hence, one has the additional relations [tt -R(m) -1 , A° p (x)] = 
[7ri2°P(M),A°P(x)] = 0. 
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A.l The evaluation representation for U q (A^) 

As a concrete example for the abstract considerations outlined above we now explicitly 
state the evaluation representation for the quantum group U q (A x ). We will start from 



the evaluation representation p z : U q (A^) — > U q {Ai) found by Jimbo [T7|] and then 
construct in a second step an evaluation representation for the L-fold tensor product 
Pz '■ U q (A^)® L — > U q (Ai)® L which is the physical case of interest since the transfer 
matrix lives as an operator on the quantum state space V® L . Therefore, we need to 
construct a representation of our symmetry algebra which acts on the same space. Note 
that this is not simply accomplished by taking the L-fold tensor product of p z , since the 
evaluation homomorphism does not constitute an Hopf algebra homomorphism, i.e. the 
coproduct structure is not preserved fl7fl . 



The quantum group U q (A\ ) consists of all power series in terms of the generators 
{ej, fi, hi}i=o i U {1}. The commutation and Chevalley-Serre relations can be deduced 

from the Cartan matrix A = I according to the definitions (Q1)-(Q3). The 



homomorphism found in W% reads 



e -> Pu(e ) =e u f / -> p u (f ) = e u e h -> p u (h ) = -h , 

ei -> p u (ei) =e fx p u {h) = f h -> p u (hi) = h (50) 

It is a straightforward exercise to verify that the above identification of the generators 
not only preserve the commutation relations of U q (A^) but also the Chevalley-Serre 
relations. For simplicity we set in the following u = 0, since this is the only case 
which will be relevant later on. The generalization to non-zero spectral parameter is 
straightforward. 

To construct now the generators of the L-fold tensor product U q {A^)® L we apply 
the coproduct A iteratively as defined in (pT|) and obtain the generators ( p2| ) for i = 



0,1. Remembering that we have h = —hi,eo = fi and fo = e\ in the evaluation 
representation we might rewrite the generators (^) in terms of the generators of U q (Ai) 
by exploiting both of the non-affine coproduct structures A' and A /op = 7r o A'. The 
latter are obtained by restricting the affine coproduct A to the subalgebra {ei = e, fi = 
f,h\ = h}. The following identities then hold 

E = A ,op(i) (/), F = A /op(L) (e) , and q H ° = A' {L) (q- h ) 

E x = A' iL \e) , F a = A'W(/), and q Hl = A'^ L \q h ) (51) 

Here we have made use of the fact that the opposite coproduct A /op = 7r o A' of U q (Ai) 
is easily seen to be obtained by formally replacing q — > q^ 1 (compare (PU[)). This 
establishes an homomorphism U q (A ( ^)® L -> U^A^, since A' {L \ A'°^ L \ A' 1 ' are all 
algebra homomorphisms. In particular, the affine quantum Chevalley-Serre relations of 
U q (A^)® L are also satisfied in U q (Ai)® L under this representation. This matches the 
construction of U q (A^)® L obtained in 0] for the fundamental representation V = C 2 . 
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A. 2 The evaluation representation for U q (An ) 

Following Jimbo [|17]] we recall for completeness how the evaluation representations for 
the higher rank algebras are constructed. The homomorphism p : U q (An^) — > U q (A n ) 
is constructed by defining iteratively elements (Ejj G U q (A n ), i ^ j: Setting <Eu+i := e« 
and <£i+u : = fi assume that these elements had been constructed for \i — j\ < k, then 
the elements with \i — j\ = k are given by 

g _ j £u+i£i+ij — q£i+ij£a+i , i < j /g2) 



It has been shown [17j that the so defined elements satisfy the relation 

£ij = <5«<5 y - q^Zijta , t^l^j (53) 
from which one may verify that the mapping 

p(e ) = £„i, p(/o) = «i n and p(g h °) = J] ^ (54) 

i=i 

fixes an algebra homomorphism C/ g (yin ) — * £/q(v4 n ) when identifying the remaining 
generators in the natural way, p(ei) = ei,p(fi) = fi,p(q hi ) = q hl with % > 0. One might 
then apply the affine coproduct (|2UJ) in this evaluation representation in order to obtain 
expressions for the generators in the physical state space analogous to (^) and (|24|). 
Note that the interplay between the affine coproduct A and the non-affine coproducts 
A', A /op is special to the A\ = s/2 case and does not apply for n > 1. 
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